In the Collatz 3x+1 problem, there are 3 possibilities: Starting from any positive number, we either reach the trivial loop (1,4,2), end up in a non-trivial loop, or go until infinity. In this paper, we shall show that if a non-trivial loop with m odd numbers exists, then its minimum odd number is bounded above by a function of m. We shall also use that bound to calculate the least number of odd elements required for a non-trivial loop to exist.
Introduction to the Collatz problem
Consider the function, 
Considering only odd numbers
Now, let us consider only odd integers of the Collatz sequence and modify the function f to a function T defined on odd integers such that T (x) =
2 k , where k is the highest power of two in which 2 k divides 3x + 1.
For example, we have for x = 7:
T (7) = 11, T (2) (7) = 17, T (3) (7) = 13, T (4) (7) = 5, T (5) (7) = 1, T (6) (7) = 1, T (7) (7) = 1, ... and so on, where k i is the highest power of two which divides 3T (i−1) (x) + 1. The iterations of T on a few odd numbers are given below:
and so on...
Some inequalities
Starting with any arbitrary odd integer a 1 , let a r = T (r) (a 1 ). Let us suppose a non-trivial loop exists and consists of m odd numbers. Let us consider 2
m to be the highest powers of two which divide 3a 1 + 1, 3a 2 + 1, ..., 3a m + 1, respectively.
And let us denote S
Then for a 1 = a m+1 , i.e., for a loop containing m odd numbers, we shall have
Let us consider a min to be the minimum among a 1 , a 2 , ..., a m . Then we have
Deriving the bound )} − {m(log 2 3)}.
This leaves us with only two possibilities, m log 2 (1 +
Bound for the case m log 2 (1 +
Rearranging the terms of m log 2 (1 + 1 3amin ) > 1, we get
We shall define α(m) to be .
From above, if a solution for S m exists then we have
This is only possible if {m(log 2 3)} + {m log 2 (1 + 1 3a min )} > 1.
Therefore, we have
Rearranging the terms, we get
.
We shall define β(m) to be .
Some new definitions:
We shall divide the possible non-trivial loops of a Collatz sequence into two classes: We call loops satisfying the equation
α-loops and loops satisfying the equation
Note that for α-loops we have a min < α(m) and for β-loops we have a min < β(m).
Computing the least number of odd numbers a loop must have
The Collatz algorithm has been tested and found to always reach 1 for all numbers ≤ 19 × 2
58
(Oliveira e Silva 2008).
For α-loops, we have
Hence, if an α-loop exists we must have at least 11, 387, 806, 137, 299, 329, 586 odd numbers in that loop.
For β-loops we have
Given below is PARI/GP code I used for calculating the value of m for β-loops.
lhs(x) = ( x / (1 -frac( x*log(3.0)/log(2.0) ) ) ); rhs(x) = ( log(2)/log(1 + 1/(3*x) ) ); { a = rhs( 19 * ( 2^58) -1 ); m = 2; while(1, if( lhs(m) > a, print(m," is our desired result "); quit; , print(m, " has been checked..."); ); m++; ); } The program is still running and the latest record value for β-loop is 1, 762, 954, 510. That is, at least 1, 762, 954, 510 odd numbers are required to form a β-loop, which is much larger than the current largest known lower bound for the length of a nontrivial cycle (Sinisalo, 2003) .
